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Abstract
Uniform Lipschitz continuity of the isoperimetric profile of
compact surfaces under normalized Ricci Flow
by
Yizhong Zheng
Advisor: Hans-Joachim Hein and Bianca Santoro
We show that the isoperimetric profile hg(t)(ξ) of a compact Riemannian
manifold (M, g) is jointly continuous when metrics g(t) vary continuously.
We also show that, when M is a compact surface and g(t) evolves under
normalized Ricci flow, h2g(t)(ξ) is uniform Lipschitz continuous and hence
hg(t)(ξ) is uniform locally Lipschitz continuous.
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Introduction
Isoperimetric profile function h(v) of a Riemannian manifold (M, g) of di-
mension > 2 is the least boundary area enclosing a given volume v. It is well
known that the isoperimetric profile is continuous when M is compact, for
example, Bavard-Pansu [BP86] show that h is locally Lipschitz continuous.
Recently, there have been many studies on this function. Nardulli-Russo
[NF15] show that the continuity also holds for complete manifolds of finite
volume. Ritoré [Rit17] shows that the continuity holds for Hadamard mani-
folds and complete non-compact manifolds of strictly positive sectional curva-
ture. However, Nardulli-Pansu [NP15] (for dim> 3) and Papasoglu-Swenson
[PS19] (for dim=2) show that the isoperimetric profile could be discontinuous
for some complete connected non-compact Riemannian manifolds.
In the paper [AB10], Andrews-Bryan prove a comparison theorem for the
isoperimetric profiles of solutions of normalized Ricci flow on the two-sphere
(S2). They apply the comparison theorem using the Rosenau solution on
1
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S2 as the model metric to deduce sharp time-dependent curvature bounds
for arbitrary solutions of normalized Ricci flow on S2. Their theorem gives
a simple and direct proof of convergence of Ricci flow to a metric of con-
stant curvature on S2. Inspired by Andrews-Bryan’s work, we study the
isoperimetric profile on compact Riemannian manifolds (Mn, g) (n > 2) un-
der continuous variation of metrics and in more depth on compact surfaces
under normalized Ricci flow.
In contrast to the above articles, we choose the volume ratio ξ ∈ (0, 1) as
the domain of h(ξ) in this thesis rather than the volume. This is because we
mainly consider compact manifolds (which have finite volumes) and varying
the metric g would potentially change the volume of (M, g).
Isoperimetric regions are closely related to h(ξ) because their boundary
area are exactly equal to the value of h(ξ) when their volume (ratio) are equal
to ξ. In order to study h(ξ) better, we first study sets of finite perimeter on
Riemannian manifolds, and then use them as the admissible regions in the
definition of h(ξ). Compared to only using smooth regions in the definition
of h(ξ), this provides a bigger and more natural framework to study h(ξ),
for example the existence of isoperimetric regions among this wider class of
regions is easier to guarantee. (See Theorem 1.25.)
The main new theorems in this thesis we get are:
LIST OF FIGURES 3
1. Perimeters of a set of finite perimeter are comparable when Riemannian
metrics are equivalent on a manifoldMn (which could be non-compact).
(Theorem 1.19)
2. Compactness for sets of finite perimeter with bounded perimeter on
compact manifolds Mn under continuous convergence of metrics. (The-
orem 2.3)
3. Joint continuity of isoperimetric profile function hg(t)(ξ) on compact
manifolds Mn under continuous variation of metrics. (Theorem 2.7)
4. The uniform Lipschitz continuity of h2g(t)(ξ) (in ξ) on compact surfaces
M2 under normalized Ricci flow. (Theorem 2.15)
5. Boundedness of Lipschitz constant of hg(t)(ξ) (when ξ is defined on a
compact subinterval of (0, 1)) on compact surfaces M2 under normal-
ized Ricci flow. (Corollary 2.16)
Because, up to a multiplicative constant, the derivative of h(ξ) is equal to
the constant geodesic curvature of boundary curves of isoperimetric regions
with area (ratio) ξ inM2, the last result has a geometric meaning (see Remark
2.18).
To make our writing more self-contained, we provide proofs to some stan-
LIST OF FIGURES 4
dard or well-known results even though they may have been proved in other
places.
Chapter 1






Definition 1.1. Given a Riemannian manifold (Mn, g), we say a set E ⊆M
is measurable if it is measurable with respect to the canonical Riemannian
measure induced by the metric g.
Let χE denotes the characteristic function of set E.
Remark 1.2. All Riemannian manifolds M in our discussion are assumed to
be connected, without boundary and dimension > 2 unless otherwise stated.
All subsets of M in our discussion are assumed to be measurable.
5
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Definition 1.3. Given a function u ∈ L1(M, g), define the variation of u by
|Du|g(M) := sup {
∫
M
u div(Y )dVg : Y ∈ Xc(M), |Y |g 6 1},
where Xc(M) denotes the set of all smooth vector fields on M with compact
support.
A function u ∈ L1(M) is of bounded variation if its variation is finite. Let
BV (M, g) denote the set of all functions of bounded variation on M . Clearly,
BV (M, g) ⊆ L1(M, g).




Proof. For any Y ∈ Xc(M), divergence theorem says
∫
M





If u is a constant function on M , then either M is non-compact and
u = 0 or M is compact and u ≡ c. In either case, it is easy to see that




If u is not a constant function, then the set Zc = M\Z is non-empty,
where Z = {p ∈M : |∇u| = 0}. We then consider the rough vector field W
on M defined by W (p) = − ∇u|∇u| if p ∈ Z








by the construction of W .
CHAPTER 1. SETS OF FINITE PERIMETER, ISOPERIMETRIC PROFILE... 7
Claim. There exists a sequence of vector fields Yk ∈ Xc(M) with sup
M
|Yk| 6





















Proof of the claim.
Case 1: M = Rn.
Note that in this case, by definition of W , each component W i of W
is equal to − uxi|∇u| on Z
c and is equal to 0 on Z, where i = 1, ..., n. Since
u ∈ C1c (Rn), Zc is compact. Then it is easy to see that each W i is satisfying
(i) |W i| 6 1 (hence W i ∈ L∞(Rn)), (ii) W i has compact support, (iii)
W i ∈ L1(Rn). So that (ψ 1
k
∗W i) ∈ C∞c (Rn) and ψ 1
k
∗W i → W i in L1(Rn)
as k →∞, where ψ 1
k
is the standard mollifiers in Rn.





∗W 1, ψ 1
k
∗W 2, ......, ψ 1
k
∗































||W i||2L∞ 6 1.













∣∣∣ = ∣∣∣ ∫
Rn




































∗W i −W i||L1 → 0 as k →∞,
as desired. So case 1 is done.
Case 2: M is a general manifold.
For each εk =
1
k
, choose a collection of coordinate charts that covers
M such that the diameters of those finite number of charts intersecting Zc
are uniformly small enough (depending on εk), so that the metric on every
such chart is close enough to the Euclidean metric. In each such chart argue
similarly as case 1 to get a local vector field whose magnitude is 6 1+εk. And
then use the partition of unity (subordinated to the open cover) to patch them
together to get a global vector field Ỹk ∈ Xc(M) such that ||Ỹk|| 6 1 + εk.




Lemma 1.5. If X is a complete metric space and fα, α ∈ I, is a family
of real-valued continuous functions on X, then f(x) := sup
α∈I
(fα)(x) is lower
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semi-continuous.



































Lemma 1.6 (Lower semi-continuity of variation w.r.t. L1 convergence).
The map u 7−→ |Du|g(M) is L1 lower semi-continuous.




is continuous. This is true because in this case sup
M













|uk − u|dVg → 0.
Then by definition of |Du|g(M), the map u 7−→ |Du|g(M) is the supremum
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of a family of continuous functions, which, by Lemma 1.5, is lower semi-
continuous.
Definition 1.7. Let E ⊆M have finite volume, namely χE ∈ L1(M, g). We
define the perimeter of E to be the variation of χE
Pg(E) := |DχE|(M) = sup {
∫
E
div(Y )dVg : Y ∈ Xc(M), |Y |g 6 1}.
If Pg(E) <∞, then we say E is a set of finite perimeter.
Remark 1.8. (i) If ∂E is smooth, then Pg(E) = |∂E|g by Stokes’ Theorem.
(ii) IfN ⊆M is a set of measure zero, then Pg(N) = 0, so Pg(E∪N) = Pg(E).
(iii) It is easy to show that Pg(E) = Pg(E
c), where Ec = M\E.
Let P(M) := {all measurable subsets of (M,g)} and equip it with the
metric topology induced by the distance function d of two subsets E and G
of M given by d(E,G) = |E∆G|g, where ∆ denotes the symmetric difference.
(P(M), d) is a metric space.
Definition 1.9. We say a sequence Ej of sets of finite perimeter converges to
a set E in L1, written Ej → E in L1(M, g), if |Ej∆E|g → 0 or equivalently
χEj → χE in L1(M, g).
Remark 1.10. (i) The metric space (P(M, g), d) is complete.
(ii) If Ej → E in L1(M, g), then E has finite volume, i.e. χE ∈ L1(M, g). So it
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makes sense to talk about P (E) (though it may be infinite). (To see χE ∈ L1,
for each j, |Ej| <∞ and |E| − |Ej| =
∫
M
χE − χEj 6
∫
M
|χE − χEj | <∞.)
(iii) It is not hard to see that the perimeter function is lower semi-continuous
with respect to the L1 convergence.
Lemma 1.11 (Lower semi-continuity of perimeter w.r.t. L1 convergence).
If Ej → E in L1(M, g), then liminf
j→∞
P (Ej) > P (E).
Proof. Fix a Y ∈ Xc(M) with |Y | 6 1, then sup
M









































, 0) in R2. Then P (Ej)→ 2 and Ej → N in L1 for any null set N ⊆ R2
while P (N) = 0 by definition.
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Example 1.13. In R2 or in a compact domain of R2, as the following pic-
ture shows, by ”closing up” a topologist’s sine curve with an arc, it is easy
to construct a sequence of sets of finite perimeter Ej that have the uniform
bounded area converging to a set E in L1 such that P (Ej) is strictly increas-
ing without bound and E is not a set of finite perimeter.
Figure 1.1: Sequence of sets of finite perimeter converging to a set of infinite
perimeter
1.2 Smooth Approximation to Sets of Finite
Perimeter on Manifolds
In the Euclidean setting, it is well known that domains with smooth boundary
are dense in the sets of finite perimeter. (For example, see Theorem 3.42 of
the book [AFP00].) What we need is the following Riemannian-manifold
analogue. First, we need two useful lemmas.
Lemma 1.14 (Proposition 1.4 of [JPPP07]). For every u ∈ BV (M), there
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Lemma 1.15. If u = χE ∈ BV (M) in the above lemma for some E ⊆ M ,
then the convergent sequence uk can be chosen to additionally satisfy 0 6
uk 6 1 for all k.
Proof. By the first claim of proof of Proposition 1.4 in [JPPP07], up to
arbitrary small error in both L1-norm and variation, we may assume χE
has compact support, namely E is a compact set. Let’s continue to use the
notations from the proof of Proposition 1.4 in [JPPP07], but we identify the
charts on manifolds with their images in Rn, which should be clear from the
context.
To see that we can choose fi = φδi ∗ χE∩Uηi in each U
η
i for some small




0 6 uk 6 1, where ϕi is a partition of unity subordinated to {Uηi }), where
φδj are mollifiers in U
η
i , first we require those finite number of coordinate
charts intersecting E have uniform small enough diameters (depending on
the required error εk between uk and χE) so that the metric gi on each
such chart is uniformly close to the Euclidean metric. (This also potentially
requires to shrink the sizes of other family of open sets in the proof and
increase the number of coordinate charts intersecting E. But it doesn’t
hurt our argument.) Then in each such coordinate chart, say in (Vi, ψi), for
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i = 1, ..., N ,
||φδj∗χE∩Uηi −χE∩Uηi ||L1(Uηi ,gi) < εk and
∣∣|D(φδj∗χE∩Uηi )|gi(Uηi )−|D(χE∩Uηi )|gi(Uηi )∣∣ < εk,
for all j big enough. We can do this because all metrics gi on U
η
i are uniformly
close to the Euclidean metric, and in the Euclidean case these above two
differences tend to zero as j → ∞ (for example see the proof of Theorem
3.42 in [AFP00]). So that the desired δi exists for each i = 1, ..., N .
(In this u = χE case, we don’t even need the corresponding approximation
theorem in weighted BV space because the weight
√
det(gi) is uniformly close
to constant 1 function on each Uηi .)
Once we have the above two lemmas, then it is easy to follow the proof
of Euclidean case to get the following density result on manifolds.
Definition 1.16. Given a Riemannian manifold (M, g), let’s denote
Fg := {E ⊆M : Pg(E) <∞} and F̃g := {E ⊆M : ∂E is smooth and |∂E| <∞}.
Proposition 1.17. F̃ is dense in F . More precisely, given any E ∈ F ,
there exists a sequence Ej ∈ F̃ such that
Ej → E in L1(M, g) and |∂Ej|g → Pg(E).
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Proof. Since χE ∈ BV (M), Lemma 1.14 and Lemma 1.15 tell us that there
exists a sequence of smooth functions uk ∈ C∞c (M, [0, 1]) such that












P (Skt )dt. So









P (Skt )dt, (1.1)
where the inequality follows Fatou’s lemma.
By Sard’s theorem, we know that for each k ∈ N the set Skt has a smooth
boundary for a.e. t ∈ (0, 1), so that the set {t ∈ (0, 1) : ∂(Skt ) is smooth, ∀k ∈
N} has full measure. By (1.1), the set {t ∈ (0, 1) : liminf
k→∞
P (Skt ) 6 P (E)}
has positive measure. Hence we can choose a t0 ∈ (0, 1) such that Skt0 is
a sequence of smooth domains and liminf
k→∞
P (Skt0) 6 P (E). Let’s denote
L := liminf
k→∞
P (Skt0), then L 6 P (E).
Let Ej = S
kj
t0 be a subsequence of S
k
t0
such that P (Ej) → L. Denote
M(t0) = {x ∈ M : |ukj − χE| > t0}, then Ej\E ⊆ M(t0). Together with
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Chebyshev inequality and the fact uk → χE in L1(M), we have
















|ukj − χE|dVg → 0,
which implies Ej → E in L1, which further implies, by Lemma 1.11, L >
P (E).
Therefore L = P (E) and thus |∂Ej| = P (Ej)→ P (E), as desired.
Proposition 1.18. Given a Riemannian manifold (Mn, g) and two sets of
finite perimeter A and B, then Pg(A ∪B) + Pg(A ∩B) 6 Pg(A) + Pg(B).
Proof. Since χA,χB ∈ BV (M, g), Lemma 1.14 and Lemma 1.15 imply that
there exist two sequences of functions uk and vk in C
∞
c (M, [0, 1]) such that
uk → χA in L1(M, g) and lim
k→∞
|Duk|g(M) = Pg(A)
vk → χB in L1(M, g) and lim
k→∞
|Dvk|g(M) = Pg(B).
Claim. uk + vk → χA + χB in L1(M, g) and ukvk → χAχB in L1(M, g).
Proof of the Claim.
∫
M
|uk + vk − (χA + χB)|dVg 6
∫
M
|uk − χA|+ |vk − χB|dVg → 0.
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∫
M
|ukvk − χAχB|dVg =
∫
M








|vk − χB|+ |uk − χA|dVg → 0.
Next, the basic fact χA∩B = χAχB and the above claim imply that ukvk →
χA∩B in L
1(M, g). Then Lemma 1.6, uk and vk in C
∞
c (M, [0, 1]) and Lemma
1.4 together imply













The basic fact χA∪B = χA + χB − χA∩B and the above claim imply that
uk + vk − ukvk → χA + χB − χA∩B in L1(M, g), and then similarly we have
Pg(A ∪B) = |D(χA + χB − χA∩B)|g(M) 6 liminf
k→∞














(1− vk)|∇(uk)|+ (1− uk)|∇(vk)|dVg.
(1.3)
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Now, adding (1.2) and (1.3) gives







(|Duk|g(M) + |Dvk|g(M)) = Pg(A) + Pg(B),
as desired.
1.3 Sets of Finite Perimeter under Equiva-
lent Metrics
Because we will study the behavior of sets of finite perimeter under the
varying of Riemannian metrics, it is important to know the behavior of sets
of finite perimeter on a Riemannian manifold when we change the equipped
metric to another equivalent one. We get some useful results as follows.
Theorem 1.19 (Comparability of perimeters w.r.t. equivalent metrics).
Given a Riemannian manifold (Mn, g1) and E ⊆M a set of finite perimeter
w.r.t. g1. If g2 is a metric that is equivalent to g1, namely
1
C
g1 6 g2 6 Cg1
for some constant C > 1, then
C−
n−1
2 Pg1(E) 6 Pg2(E) 6 C
n−1
2 Pg1(E).
Proof. Given Pg1(E) < ∞, then by Proposition 1.17, we know there ex-
ists a sequence of smooth domains Ek such that Ek → E in L1(M, g1) and
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|∂Ek|g1 → Pg1(E). Then Ek → E in L1(M, g2) because
|Ek ∆ E|g2 6 C
n
2 |Ek ∆ E|g1 → 0.
Note that since each ∂Ek is smooth, the metrics induced by g1 and g2 on each
∂Ek are also equivalent. In particular, we have C
−n−1
2 |∂Ek|g1 6 |∂Ek|g2 6
C
n−1









2 |∂Ek|g1 = C
n−1
2 Pg1(E).
On the other hand, now we know Pg2(E) < ∞, so that χE ∈ BV (M, g2),
then Lemma 1.14 tells us that there exists a sequence of smooth functions
uk ∈ C∞c (M) such that











2 Pg1(E). If the claim holds, then we are
done.
Proof of the Claim. First, note that uk → χE in L1(M, g2) implies that
uk → χE in L1(M, g1) because∫
M
|uk − χE|dVg1 6
∫
M
Cn/2|uk − χE|dVg2 → 0.


























Corollary 1.20. Given a Riemannian manifold (Mn, g1) and a measurable
subset E ⊆M . If g2 is a metric that is equivalent to g1, then Pg1(E) <∞ if
and only if Pg2(E) <∞.
Corollary 1.21. If g1 and g2 are two equivalent metrics on M , then Fg1 =
Fg2 and F̃g1 = F̃g2.
Corollary 1.22. If M is compact, then Fg1 = Fg2 and F̃g1 = F̃g2 for any
two Riemannian metrics g1 and g2 on M .
Proof. Follows easily from the fact that every two metrics on a compact
manifold are equivalent.
Conjecture 1.23. Let (M, g1) be a Riemannian manifold. Given a set E
of finite perimeter w.r.t. g1, by Proposition 1.17, we know there exists a
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sequence of smooth domains Ej such that
Ej → E in L1(M, g1) and |∂Ej|g1 → Pg1(E).
If g2 is a Riemannian metric on M that is equivalent to g1, then, for the
same sequence Ej (or for a subsequence of Ej), we have
Ej → E in L1(M, g2) and |∂Ej|g2 → Pg2(E).
1.4 The Isoperimetric Profile and Isoperimet-
ric Regions
Definition 1.24. For a compact Riemannian manifold (M, g) (which has
finite volume), we can consider the following two functions, for ξ ∈ (0, 1),
h̃(ξ) := inf {|∂Ω| : |Ω| = ξ|M |, ∂Ω is smooth},
and
h(ξ) := inf {P (Ω) : |Ω| = ξ|M |, P (Ω) <∞}.
A set Ω of finite perimeter that attains the infimum for h(ξ) is called an
isoperimetric region for ξ (or for h(ξ) or for (g, ξ)), and in this case we say
h(ξ) is achieved.
The next result of existence of isoperimetric region is well-known.
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Theorem 1.25 (Existence of isoperimetric region). Given a compact Rie-
mannian manifold (Mn, g), for any ξ ∈ (0, 1), there exists an isoperimetric
region for ξ. That is to say, there exists a set Ω of finite perimeter such that
|Ω| = ξ|M | and P (Ω) = h(ξ).
Proof. Fix any ξ ∈ (0, 1), there exists a geodesic ball B such that |B| = ξ|M |,
so that h(ξ) < ∞. Recall that h(ξ) = inf {P (Ω) : Ω ∈ F , |Ω| = ξ|M |} and
let Ej be a minimizing sequence for h(ξ), then
|Ej| = ξ|M | and lim
j→∞
P (Ej) = h(ξ).
Thus Ej is a sequence of sets of finite perimeter with uniform bounded
perimeter. By Theorem 2.1 (which only invokes Lemma 1.11, Proposition
1.18 and Theorem 1.19 here), there exists a subsequence Ejk and a set Ω of
finite perimeter such that
Ejk → Ω in L1 and |Ejk | → |Ω| and liminf
k→∞
P (Ejk) > P (Ω),
which imply that |Ω| = ξ|M | and P (Ω) 6 h(ξ). Thus P (Ω) = h(ξ), as
desired.
Actually, we can say more about the regularity of isoperimetric regions.
Theorem 1.26 ([Mor09], section 8.5 and Theorem 10.2. [Cha06], Theo-
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rem V.4.1. [RR04], Proposition 2.4). Given a compact Riemannian manifold
(Mn, g), for each ξ ∈ (0, 1), there exists a corresponding isoperimetric re-
gion, the boundary of which, apart from a singular closed set of Hausdorff
dimension at most n− 8, is a smooth embedded orientable hypersurface with
constant mean curvature.
Remark 1.27. This theorem also applies to the case M itself is non-compact
but M/G is compact, where G is a subgroup of the isometry group of M .
Remark 1.28. We have shown the existence of an isoperimetric region in
Theorem 1.25. Once we know the smooth regularity of the regular part of
the boundary of an isoperimetric region, then we can show that each com-
ponent of the regular boundary part has constant mean curvature by an
variational argument. (Namely, if not, we can construct a competitor region
by an infinitesimally variation that has the same volume but strictly smaller
perimeter contradicting to the minimality of isoperimetric regions.) More-
over, similarly, by an variational argument (see Proposition A.1 in Appendix
A), it can be shown that all components of the regular boundary part have
the same constant mean curvature.
Remark 1.29. In particular, on a compact Riemannian surface, smooth
isoperimetric regions exist with boundary given by smooth embedded curves
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of constant geodesic curvature.
Proposition 1.30. h(ξ) = h̃(ξ), for all ξ ∈ (0, 1).
Proof. h(ξ) 6 h̃(ξ) is trivial since F̃ ⊆ F . So let’s prove the other direction.
First, thanks to Theorem 1.25, we can fix an isoperimetric region Ω for h(ξ).
Then proposition 1.17 guarantees that there exists a sequence Ωj of sets
of finite perimeter converges to Ω in L1 such that each ∂Ωi is smooth and
|∂Ωi| → P (Ω).
Because |Ωi| → |Ω| < |M |, we can construct a sequence Ωi(Bi) of sets of
finite perimeter as follows for all big enough i.
1. If |Ωi| = |Ω|, then let Ωi(Bi) = Ωi.
2. If |Ωi| > |Ω|, then let Ωi(Bi) = Ωi\Bi, where Bi is a small geodesic
ball contained in the interior of Ωi such that ∂Bi is smooth and |Bi| =
|Ωi| − |Ω|.
3. If |Ωi| < |Ω|, then let Ωi(Bi) = Ωi ∪ Bi, where Bi is a small geodesic
ball disjoint from Ωi such that ∂Bi is smooth and |Bi| = |Ω| − |Ωi|.
Thus, by construction, for all big enough i, Ωi(Bi) satisfies
|Ωi(Bi)| = |Ω| and ∂Ωi(Bi) = ∂Ωi ∪ ∂Bi is smooth.
CHAPTER 1. SETS OF FINITE PERIMETER, ISOPERIMETRIC PROFILE... 25
So Ωi(Bi) ∈ F̃ and h̃(ξ) 6 |∂Ωi(Bi)| for all big enough i. Moreover,
|∂Ωi(Bi)| → P (Ω) because |∂Bi| → 0. Therefore,
h̃(ξ) 6 lim
i→∞
|∂Ωi(Bi)| = P (Ω) = h(ξ),
as desired.
Remark 1.31. Since h(ξ) = h̃(ξ), as functions, they have the same prop-
erties, and moreover now we can consider a wider class of regions, namely
sets of finite perimeter, compared to regions with smooth boundary. How-
ever, different from h(ξ), in general, h̃(ξ) is not achieved. But in our later
application in 2 dimensions, they are both achieved for every ξ.
Definition 1.32. Since h(ξ) = h̃(ξ), we can just call them the isoperimetric
profile of (M, g), denoted by hg(ξ) or h(ξ).
Example 1.33. Consider the standard unit sphere (S2, ḡ).





of S2, where (u, v) ∈ (0, π)×
(0, 2π), we have
ḡ = du2 + sin2udv2.




the length of its perimeter |∂Ω| is L(u) = 2πsinu. They are actually the
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isoperimetric regions for area A(u), and it is easy to compute their boundary
geodesic curvatures.
1. If u = π
3
, then the geodesic curvature of ∂Ω is 1√
3
.
2. If u = π
2
, then the geodesic curvature of ∂Ω is 0. Hence ∂Ω is a geodesic.
3. If u = 2π
3
, then the geodesic curvature of ∂Ω is − 1√
3
.
Figure 1.2: Isoperimetric regions on standard 2-sphere
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Figure 1.3: Isoperimetric profile of S2
Example 1.34. RP 2 provides an interesting example.
Figure 1.4: Isoperimetric regions on standard RP 2
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Figure 1.5: Isoperimetric profile of standard RP 2
The profile of RP 2 is not differentiable at ξ = 1/2 because RP 2 has two
different types of isoperimetric regions at ξ = 1/2, namely one type is the
metric balls and the other type is the tubes around geodesics.
Example 1.35. In general, isoperimetric regions are not unique for a ξ.
Moreover, for some compact Riemannian manifold, different isoperimetric
regions for some ξ could have different topology. For example, consider a
topological sphere that has three ears that have area portions 0.1, 0.1 and
0.2 respectively and the neck length for the third ear is equal to the sum of
that of the other two.
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Figure 1.6: Topologically different isoperimetric regions with same area and
boundary length
Chapter 2
Compactness for Sets of Finite
Perimeter and Properties of
Isoperimetric Profile
2.1 Compactness for Sets of Finite Perimeter
on Compact Manifolds
The Euclidean version compactness theorem for sets of finite perimeter is
well-known. (For example, see Theorem 12.26 in [Mag12].) In our applica-
tion, what we need is the following compact-manifold version analogue.
Theorem 2.1 (Compactness for sets of finite perimeter on a compact man-
ifold). Given a compact Riemannian manifold (Mn, g), if Ωk ⊆ M is a se-
quence of sets of finite perimeter with uniform bounded perimeter, that is to
say Pg(Ωk) 6 C, for some uniform constant C independent of k, then there
is a subsequence Ωkj and a set W ⊆M of finite perimeter such that
30
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(1) Ωkj → W in L1 or equivalently |Ωkj∆W |g → 0 as j →∞, and
(2) |Ωkj |g −→ |W |g as j →∞, and
(3) liminf
j→∞
P (Ωkj) > P (W ).
Proof. Since M is compact, we can choose a finite collection of coordinate
charts {(Ui, ϕi)}Ni=1 that covers M such that
(i) each Ui has a smooth boundary (so that each Ui is a set of finite perime-
ter).
(ii) {(U εi , ϕi)}Ni=1 is still an atlas, where U εi is the ε-neighborhood of Ui
and ε > 0 is a fixed sufficiently small number. (So that each ϕi is a
diffeomorphism from Ui to its image.)
(iii) there exists a uniform constant Λ > 1 independent of i (but depending
on the atlas {(Ui, ϕi)}Ni=1) such that 1Λg 6 gi 6 Λg in each ϕi(Ui), for
all i = 1, ..., N , where gi = (ϕi)]g is the pushforward metric of g by ϕi
and g is the standard Euclidean metric.
Then, by Proposition 1.18, Ωk∩U1 is a sequence of sets of finite perimeter
in U1 with uniform bounded perimeter w.r.t. g. Because g1 is equivalent to
the standard Euclidean metric g, Theorem 1.19 implies that ϕ1(Ωk ∩ U1) is
a sequence of sets of finite perimeter in ϕ1(U1) ⊆ Rn with uniform bounded
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perimeter w.r.t. g. So that the Euclidean version compactness theorem for
sets of finite perimeter can be applied to ϕ1(Ωk ∩U1) and get a subsequence
ϕ1(Ωkj ∩ U1) and a set ϕ1(W1) ⊆ ϕ1(U1) of finite perimeter such that
|ϕ1(Ωkj ∩ U1) ∆ ϕ1(W1)|g → 0,
where W1 is a set of finite perimeter in U1 w.r.t. g.
But ϕ1((Ωkj ∩ U1) ∆ W1) = ϕ1(Ωkj ∩ U1) ∆ ϕ1(W1), so then
1
Λ
|ϕ1((Ωkj ∩ U1) ∆ W1)|g 6 |(Ωkj ∩ U1) ∆ W1|g
= |ϕ1((Ωkj ∩ U1) ∆ W1)|g1 6 Λ|ϕ1((Ωkj ∩ U1) ∆ W1)|g
imply |(Ωkj ∩ U1) ∆ W1|g → 0. So then |Ωkj ∩ U1|g → |W1|g.
Argue similarly for the sequence Ωkj ∩ (U2\U1) in U2\U1, we get a further
subsequence, still denoted by Ωkj , and a set W2 ⊆ U2\U1 of finite perimeter
such that
Ωkj ∩ (U2\U1)→ W2 in L1(M, g) and |Ωkj ∩ (U2\U1)|g → |W2|g.
Argue repeatedly for i = 1, 2, ..., N , we get a subsequence Ωkj∩(UN\(∪N−1i=1 Ui))
in UN\(∪N−1i=1 Ui) and a set WN ⊆ UN of finite perimeter such that
Ωkj∩(UN\(∪N−1i=1 Ui))→ WN in L1(M, g) and |Ωkj∩(UN\(∪N−1i=1 Ui))|g → |WN |g.
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ThenW := ∪Ni=1Wi is a set of finite perimeter satisfying the desired properties
(1) and (2) obviously. Finally, property (1) and Lemma 1.11 give the property
(3) directly.
Lemma 2.2. Given a compact Riemannian manifold (Mn, g(t0)), a family
of metrics g(t)→ g(t0) continuously. For any ε > 0, there exists N such that
k > N implies
(1 + ε)−2gt0 6 gtk 6 (1 + ε)
2gt0 ,
or equivalently
(1 + ε)−2gtk 6 gt0 6 (1 + ε)
2gtk .
Proof. We need to show
∀ε > 0 ∃N ∀p ∈M ∀v ∈ TpM ; k > N =⇒ (1+ε)−2gt0(v, v) 6 gtk(v, v) 6 (1+ε)2gt0(v, v).
Because Riemannian metrics are bilinear, we just need to prove the desired
two inequalities for all v subject to |v|gt0 = 1.
Let gtk be a sequence converging continuously to gt0 , then
∀ε̃ > 0 ∀p ∈M ∀v ∈ TpM ∃Ñ ; k > Ñ =⇒ |gtk(v, v)− gt0(v, v)| < ε̃.
Because M is compact and we only consider v subject to |v|gt0 = 1, we
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actually have
∀ε̃ > 0 ∃Ñ ∀p ∈M ∀v ∈ {v ∈ TpM : |v|gt0 = 1}; k > Ñ =⇒ |gtk(v, v)−gt0(v, v)| < ε̃.
Now, given any ε > 0. If we choose ε̃ 6 (1 + ε)2 − 1, then ∃Ñ such that
k > Ñ implies
(1+ε)2gt0(v, v)−gtk(v, v) > (1+ε)2gt0(v, v)−(gt0(v, v)+ε̃) = (1+ε)2−1−ε̃ > 0.
For the other inequality, if we choose ε̃ 6 1− (1 + ε)−2, then ∃Ñ such that
k > Ñ implies
(1+ε)−2gt0(v, v)−gtk(v, v) 6 (1+ε)−2gt0(v, v)−(gt0(v, v)−ε̃) = (1+ε)−2−1+ε̃ 6 0,
as desired.
Theorem 2.3 (Compactness for sets of finite perimeter with changing met-
rics). Given a compact Riemannian manifold (Mn, g(t0)), a family of metrics
g(t) → g(t0) continuously. If tk is a sequence converging to t0 and Ωk ⊆ M
is a sequence of sets of finite perimeter satisfying Pg(tk)(Ωk) 6 C, for some
uniform constant C independent of Ωk and g(tk), then there is a subsequence
Ωkj and a set W ⊆M of finite perimeter (w.r.t. g(t0)) such that
(1) |Ωkj∆W |g(tkj ) → 0 as j →∞, and
(2) |Ωkj |g(tkj ) −→ |W |g(t0) as j →∞, and
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(3) liminf
j→∞
(Pg(tkj )(Ωkj)) > Pg(t0)(W ).
Proof. Since g(tk) → g(t0) continuously, Lemma 2.2 implies that for any
ε > 0, there exists N such that k > N implies
(1 + ε)−2gt0 6 gtk 6 (1 + ε)
2gt0 or (1 + ε)
−2gtk 6 gt0 6 (1 + ε)
2gtk . (2.1)
Then Theorem 1.19 implies, for k > N ,
(1 + ε)−(n+1)Ptk(Ωk) 6 Pt0(Ωk) 6 (1 + ε)
n−1Ptk(Ωk),
which implies that Pt0(Ωk) 6 C. So that we can apply Theorem 2.1 to the
metric g(t0) to get a subsequence Ωkj and a set W such that
|Ωkj∆W |t0 → 0 as j →∞, (2.2)




(Pt0(Ωkj)) > Pt0(W ). (2.4)
Note that (2.1) and Theorem 1.19 imply that
(1 + ε)−(n+1)Pt0(Ωkj) 6 Ptkj (Ωkj) 6 (1 + ε)
n−1Pt0(Ωkj), (2.5)
(1 + ε)−n|Ωkj |t0 6 |Ωkj |tkj 6 (1 + ε)
n|Ωkj |t0 , (2.6)
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and
(1 + ε)−n|Ωkj∆W |t0 6 |Ωkj∆W |tkj 6 (1 + ε)
n|Ωkj∆W |t0 . (2.7)
Now (2.2) and (2.7) imply
|Ωkj∆W |tkj → 0,
which is the desired property (1).
Letting j →∞, (2.3) and (2.6) imply
(1 + ε)−n|W |t0 6 liminf
j→∞
|Ωkj |tkj 6 limsup
j→∞
|Ωkj |tkj 6 (1 + ε)
n|W |t0 ,
which, letting ε→ 0, gives
|Ωkj |tkj −→ |W |t0 as j →∞,
which is the desired property (2).
Letting j →∞, (2.4) and (2.5) imply
(1 + ε)−(n+1)Pt0(W ) 6 liminf
j→∞
Ptkj (Ωkj),
which, letting ε→ 0, gives
Pt0(W ) 6 liminf
j→∞
Ptkj (Ωkj),
which is the desired property (3).
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2.2 Properties of Isoperimetric Profile
2.2.1 Regularity of Isoperimetric Profile
Proposition 2.4 ([BP86]. [Cha06], Theorem V.4.3). Let (Mn, g) be a com-
pact Riemannian manifold and Ω ⊆ M be an isoperimetric region with
smooth boundary and of constant mean curvature κ with respect to −ν, where
ν is the unit exterior unit normal vector field along ∂Ω. Then the isoperimet-
ric profile h(ξ) has weak left- and right- first derivatives and second derivative
in the barrier sense satisfying
D+h
dξ















||II||2 +Ric(ν, ν)dA at ξ = |Ω|
|M |
,
where II is then second fundamental form of ∂Ω relative to ν and Ric is the
Ricci curvature.





Ric)(ξ|M |)2} 6 0 at ξ = |Ω|
|M |
.
In this case, the function ξ 7−→ h2(ξ) + (inf
M
Ric)(ξ|M |)2 is concave, which
implies h(ξ) is locally Lipschitz. Also note that in this case the function
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ξ 7−→ h2(ξ) + (inf
M
Ric− ε)(ξ|M |)2 is strictly concave for any ε > 0.
Remark 2.5. Now we know, on compact Riemannian manifolds, h(ξ) ∈
C0,1loc ((0, 1)) and it is differentiable a.e. in (0, 1).
For our later applications in compact surfaces case, we need the following
corollary.
Corollary 2.6. For any compact Riemannian surface (M, g), the Gauss cur-
vature K > K0 over M where K0 := inf
M
K. Then the function h2(ξ) +
K0(ξ|M |)2 is concave in ξ ∈ (0, 1) and h(ξ) is locally Lipschitz continuous in
ξ ∈ (0, 1) (namely h(ξ) is Lipschitz continuous on any compact subinterval
[ξ0, ξ1] of (0, 1)). Also the function h
2(ξ)+(K0−ε)(ξ|M |)2 is strictly concave
for any ε > 0. Moreover, if h(ξ) is differentiable at ξ, then h′(ξ) = κ|M |,
where κ is the constant geodesic curvature of boundary curves of any isoperi-
metric region for ξ.
Proof. Follows easily from Proposition 2.4 and Theorem 1.26.
Theorem 2.7 (Joint continuity of isoperimetric profile). Given a family of
Riemannian metrics g(t) on a compact manifold Mn such that g(t) varies
continuously, then hg(t)(ξ) is jointly continuous in t and ξ.
Proof. Fix any t0 and ξ0. By rescaling, we may assume |M |g(t0) = 1. Fix an
isoperimetric region Ω0 for (g(t0), ξ0). Let (ti, ξi) be a sequence converging
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to (t0, ξ0). Let each Ωi be an isoperimetric region for (g(ti), ξi). Then
|Ωi|ti = ξi|M |ti and |∂Ωi|ti = hg(ti)(ξi),
where | · |ti is the boundary area or volume measurement with respect to the
metric g(ti).
Figure 2.1: Sequence of isoperimetric regions
Denote Li = hg(ti)(ξi) and L0 = hg(t0)(ξ0). We need to show Li → L0.
Denote L̊i = |∂Ωi|t0 , ξ̊i = |Ωi|t0 , L0,i = |∂Ω0|ti and ξ0,i = |Ω0|ti/|M |ti .
Since |M |ti → |M |t0 = 1, it is easy to see that
L0,i → L0 and ξ0,i → ξ0.
Claim 1: limsup (Li) 6 L0.
Proof of Claim 1.
Note that, by Theorem 1.26, ∂Ω0 is not dense in M . Then fix any small
enough ε > 0 we can do the following.
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1. pick a point p ∈M and a geodesic ball B0(p) centered at p for (M, g(t0))
such that B0(p) is disjoint from Ω0 and |B0(p)|t0 = 2ε. Fix a such p.
2. pick a point q ∈ Ω0 and a geodesic ball B0(q) centered at q for (M, g(t0))
such that B0(q) is fully contained in the interior of Ω0 and |B0(q)|t0 =
2ε. Fix a such q.
Because (ξ0,i − ξi)|M |ti = ((ξ0,i − ξ0) + (ξ0 − ξi))|M |ti → 0, for the above
ε, there exists a big enough number N1 > 0 such that i > N1 implies |ξ0,i −
ξi||M |ti < ε. On the other hand, Lemma 2.2 implies that there exist a big
enough number N2 > 0 such that we can construct a sequence of comparison
regions Ω0(Bi) in the following way. Denote N = max {N1, N2}.
1. if i < N , then let Ω0(Bi) = Ωi.
2. if i > N and ξi > ξ0,i, then there exists a geodesic ball Bi(p) ⊆ B0(p)
centered at p with area |Bi(p)|ti = (ξi − ξ0,i)|M |ti < ε (using Lemma
2.2). Let Ω0(Bi) = Ω0 ∪Bi(p).
3. if i > N and ξi < ξ0,i, then there exists be a geodesic ball Bi(q) ⊆ B0(q)
centered at q with area |Bi(q)|ti = (ξ0,i − ξi)|M |ti < ε. Let Ω0(Bi) =
Ω0\Bi(q).
4. if i > N and ξi = ξ0,i, then let Ω0(Bi) = Ω0.
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By construction, comparison region Ω0(Bi) satisfies
|Bi|ti = |ξ0,i − ξi||M |ti and |Ω0(Bi)|ti = ξi|M |ti for all i > N,
where Bi are the above geodesic balls either centered at p or at q.
Since Ωi is an isoperimetric region for (g(ti), ξi) and |Ωi|ti = |Ω0(Bi)|ti ,
we have |∂Ωi|ti 6 |∂Ω0(Bi)|ti , that is
Li 6 L0,i + |∂Bi|ti for all i > N,
taking limsup on which gives the desired inequality limsup (Li) 6 L0 because
|∂Bi|ti → 0.
Claim 2: liminf (Li) > L0.
Proof of Claim 2. Suppose for contradiction that liminf (Li) < L0, then
there exists a subsequence Ωij such that lim
j→∞
Lij < L0. Noting |∂Ωij | = Lij 6
C, so Theorem 2.3 implies that there is a further subsequence, still denoted
by Ωij , and a set W of finite perimeter such that
|W |t0 = ξ0 and liminf
j→∞





|∂Ωij |tij > P (W )t0 > |∂Ω0|t0 = L0. This gives a
contradiction.
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Conjecture 2.8 (Joint continuity of isoperimetric profile). Given a family
of Riemannian metrics g(t) on a complete manifold Mn with finite volume
such that g(t) varies continuously, then hg(t)(ξ) is jointly continuous in t and
ξ.
2.2.2 Asymptotic Behavior of Isoperimetric Profile
The normalized Ricci flow on a compact Riemannian surface (M, g0) is the





t > 0, (2.8)
where K is the Gauss curvature of M and K = 1|M |
∫
M
Kdµ(g) is the average
Gauss curvature.
We will make use of the following standard results of long time existence
and uniqueness for normalized Ricci flow on compact surfaces.
Theorem 2.9 ([Ham88]). Given a compact Riemannian surface (M2, g0). If
Kg0 6 0 or Kg0(p) > 0 for all p ∈M , then the solution to (2.8) exists for all
time t > 0 and converges smoothly to a metric of constant curvature.
Theorem 2.10 ([Cho91]). If g0 is any metric on S
2, then its evolution under
normalized Ricci flow develops positive Gauss curvature in finite time, and
thus by Theorem 2.9 converges smoothly to the round metric as t→∞.
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Given any compact Riemannian surface (M, g), by Corollary 2.6, h2(ξ) +
( inf
(M,g)
K)(ξ|M |)2 is concave in ξ ∈ (0, 1). Then we know the derivative of this
concave function is ”biggest” when ξ → 0+ and ”smallest” when ξ → 1−. So
if we know the asymptotic behavior of h(ξ) near two endpoints, then we may
get some useful uniform bound for h′(ξ). Before exploring that, it is useful
to observe that h(ξ) = h(1 − ξ), namely h(ξ) is symmetric about ξ = 1
2
, so
we just need to know its asymptotic behavior as ξ → 0. Moreover, because
we will evolve metrics g(t) in our later applications, what we actually need
is the uniform asymptotic behavior of hg(t)(ξ) as ξ → 0 for all t ∈ [0, T ].
Such asymptotic behavior for a fixed metric has been examined by Andrews-
Bryan (Theorem 2 in [AB10]) although they miss to discuss the disconnected
isoperimetric regions case in their proof. What we prove in the following is
the metric-varying version of their theorem.
Lemma 2.11 ([OSS78], Theorem 4.3. Isoperimetric inequality on surfaces
of variable curvature). Let M be a Riemannian surface of variable Gauss
curvature K and let D ⊆ M be a simply connected domain with finite area
A and denote L:= length of ∂D. Then
L2 > 4πA− (sup
D
K)A2.
Theorem 2.12. Given a family of Riemannian metrics g(t) on a compact
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ξ3/2 +O(ξ2) as ξ → 0.
Moreover,
(1) The coefficient C(t) in the error term O(ξ2) is bounded over [0, T ] by
a constant C(T ).
(2) If g(t) is evolved under the normalized Ricci flow using g0 = g(0) as
the initial metric, then C(t) is bounded over [0,+∞] by a uniform constant





Proof. Let’s prove the upper bound first. For any fixed metric g(t), small
geodesic balls centered at any point p ∈ M are admissible regions in the










By definition of h we have h(|Br(p)|/|M |) 6 |∂Br(p)|, which leads to the




















putting which into |∂Br(p)| in (B.1) we get
h(ξ) 6 |∂Br(p)| =
√






Since the inequality holds for all points p ∈M , we have
h(ξ) 6
√





ξ3/2 +O(ξ2) as ξ → 0,
which is the desired upper bound for any metric.
In order to compute the coefficient in the error term, we need one more
term in the expansion of both |∂Br(p)| and |Br(p)|.















(2K2 − 3∆K)r4 +O(r6)).
If we use these expansions and follow the above computations, we can get
|∂Br(p)| =
√
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as the coefficient in the error term O(ξ2) in the upper bound case.
Secondly, let’s prove the lower bound. Let’s fix a metric g for the moment.
Since M is compact, inj(M, g) > 0, where inj(M, g) is the injectivity radius
of (M, g). Then choose ξ small enough such that h(ξ) < inj(M, g). Let Ω be
an isoperimetric region for ξ. We distinguish two cases.
Case 1: Ω is connected.
Figure 2.2: Case 1: Ω is connected
Fix a point p ∈ ∂Ω. Let B denote the geodesic ball centered at p with
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radius h(ξ), then Ω ⊆ B and B is simply connected. Together with Ω
being connected, we know Ω topologically is a disc with finitely many discs
removed. Let Ω̃ denote the interior of the external boundary of Ω, namely Ω̃
is Ω with the “holes” filled in. Then Ω̃ ⊆ B is simply connected, |Ω| 6 |Ω̃|
and |∂Ω̃| 6 |∂Ω|.
Subcase 1: supMK 6 0.
Lemma 2.11 gives







Subcase 2: supMK > 0.
Let’s further require ξ  1/(2π|M |supMK) to ensure that h2(ξ) 
2
supMK
. And thus |B| < 2π
supMK
. Then
|Ω| 6 |Ω̃| 6 |B| < 2π
supMK
and |∂Ω̃| 6 |∂Ω|.
Lemma 2.11 again gives







So in both subcases, we get
h(ξ) >
√
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So case 1 is done.
Case 2: Ω is disconnected.
By theorem 1.26, ∂Ω has at most finitely many components. So without
loss of generality, suppose Ω has two disjoint connected components, say W1
and W2. Then
h(ξ) = |∂Ω| = |∂W1|+ |∂W2| and ξ = ξ1 + ξ2, where ξi =
|Wi|
|M |
, i = 1, 2,
and
h(ξ) < inj(M, g) =⇒ |∂W1|, |∂W2| < inj(M, g).
Fix two points p1 ∈ ∂W1 and p2 ∈ ∂W2. Then the argument in the case
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With the help of following two elementary inequalities







x+ y+β(x+y)3/2 ∀ small enough x, y > 0
where α, β > 0 are fixed constants, we can see that, no matter the sign of
supMK, we have (make the ξ smaller if needed)
h(ξ) >
√










So case 2 is done and we prove the desired lower bound for h(ξ).






as the coefficient in the error term O(ξ2) in the lower bound case.
Therefore, now we can use C(t) = max {C1(t), C2(t)} as the coefficient
in the error term O(ξ2) for hg(t)(ξ).
Under smooth variation of metrics g(t) over compact time interval [0, T ],
from [Ehr74] we know that injectivity radius of (M, g(t)) is lower semi-
continuous, so our argument in the lower bound case doesn’t break down.
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(∆K +K2) all change continuously and hence all
are bounded, so that C(t) is also bounded over [0, T ].
If g(t) is evolved under normalized Ricci flow, we know the flow exists
for all time. And along the flow, |M | is unchanged, supMK is non-increasing
and supM∆K is also non-increasing. Thus C0 = C(0) > C(t) for all t > 0,
as desired.
Remark 2.13. Now we see that h(0) = 0 = h(1) is a continuous extension
of h.
Remark 2.14. See Theorem B.4 for an alternative proof of Theorem 2.12
only using isoperimetric inequality on surface of constant curvature in Ap-
pendix B.
2.2.3 Uniform Lipschitz Continuity of Isoperimetric Pro-
file under Normalized Ricci Flow
Theorem 2.15. Let (M, g0) be a compact Riemannian surface and g(t)
evolve under normalized Ricci flow using g0 as the initial metric. Then
h2g(t)(ξ) (where ξ ∈ [0, 1]) is uniform Lipschitz continuous with Lipschitz con-
stant (in ξ) uniformly bounded by 4π|M |g0+4|K0||M |2g0 over the time-interval
[0,+∞], where K is the Gauss curvature and K0 = min{ inf
(M,g0)
K, 0}.
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Proof. Claim 1: If K0 = min{ inf
(M,g0)
K, 0}, then K(p, t) > K0 for all points
p ∈M and all t ∈ [0,∞].
Proof of Claim 1. Under the normalized Ricci flow, we have ∂K
∂t
= ∆K +
2K(K − K̄), which implies that ∂
∂t
Kmin > 2Kmin(Kmin − K̄). If K̄ 6 0,
then inf
(M,g0)
K 6 K̄ 6 0 and it is easy to see that ∂
∂t













> 0. So whenever Kmin 6 0,
we have ∂
∂t
Kmin > 0. When Kmin later becomes strict positive, then we know







> 0, and we know Kmin will always be strict positive.
Thus claim 1 follows.
Claim 2: For each fixed t ∈ [0,+∞), Q(t, ξ) := h2g(t)(ξ) + K0(ξ|M |g(t))2 is
concave in ξ ∈ [0, 1], where K0 comes from the claim 1.
Proof of Claim 2. Claim 1 and Corollary 2.6 imply ∀t ∈ [0,+∞), Q(t, ξ)
is concave in ξ ∈ (0, 1). Using continuous extension of h(ξ), we see that
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Q(t, ξ) is left-continuous at ξ = 0 and right-continuous at ξ = 1, so that the
super-linear inequality Q(t, αξ + βη) > αQ(t, ξ) + βQ(t, η) in the definition
of concavity is preserved when ξ = 0 or η = 1 by taking limit. Thus claim 2
follows.


















> −4π|M |g0 + 2K0|M |2g0 .















4π|M |g(t)ε+ (C0 +K0|M |2g(t))ε2
ε
= 4π|M |g0 ,
























> −4π|M |g0 + 2K0|M |2g0 .
Claim 4: Q(t, ξ) (where ξ ∈ [0, 1]) is uniform Lipschitz continuous with uni-
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form Lipschitz constant bounded by 4π|M |g0 + 2|K0||M |2g0 over time-interval
[0,+∞).
Proof of Claim 4. By elementary properties of concave function, we have









































exists but may be





















∣∣ 6 N 6 4π|M |g0 + 2|K0||M |2g0 ∀η1 6= η2 ∈ [0, 1],
which gives the claim.
Finally, to finish the proof, denote f(ξ) := −K0(ξ|M |g(t))2 (where ξ ∈
[0, 1]), which has uniform Lipschitz constant 2|K0||M |2g0 over time-interval
[0,+∞). So that, by claim 4, h2g(t)(ξ) = Q(t, ξ) + f(ξ) has uniform Lips-
chitz constant bounded by 4π|M |g0 + 2|K0||M |2g0 + 2|K0||M |
2
g0
= 4π|M |g0 +
4|K0||M |2g0 over time-interval [0,+∞), as desired.
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Corollary 2.16. Let (M, g0) be a compact Riemannian surface and g(t)
evolve under normalized Ricci flow using g0 as the initial metric. Then for
any T ∈ [0,∞], for any fixed compact subinterval [ξ0, ξ1] ⊆ (0, 1), the Lips-
chitz constant of hg(t)(ξ) (in ξ) is uniformly bounded over the time-interval
[0, T ] by 2α−1(π|M |g0 + |K0||M |2g0), where α := inf{hg(t)(ξ) : t ∈ [0, T ], ξ ∈
[ξ0, ξ1]} > 0 and K0 = min{ inf
(M,g0)
K, 0}.
Proof of Corollary 2.16.









∣∣ 6 2α−1(π|M |g0+|K0||M |2g0),
where α = α(T ) := inf {hg(t)(ξ) : t ∈ [0, T ], ξ ∈ [ξ0, ξ1]} > 0 by Theorem
2.7.
Remark 2.17. Because normalized Ricci flow on any compact surface con-
verges to a limiting metric continuously, we have α(∞) > 0. To show this
precisely, first use the change of variable s(t) = t
1−t , for t ∈ [0,∞), to get
a continuous family of metrics g(s) on [0, 1), then use the convergence of
normalized Ricci flow to extend this family of metrics g(s) to the interval
[0, 1]. Then use joint continuity of hg(s)(ξ) to get α(∞) > 0.
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Remark 2.18. This corollary has a geometric meaning that, at each time t
under normalized Ricci flow on a compact Riemannian surface, if one picks
an isoperimetric region Ω whose area ratio lies in [ξ0, ξ1], then the absolute
value of geodesic curvature of ∂Ω is uniformly bounded by 2α(∞)−1(π|M |g0 +
|K0||M |2g0).
Remark 2.19. See Theorem C.5 for an alternative proof of Corollary 2.16
in Appendix C.
Proposition 2.20. Given (S2, g0) or (RP2, g0) and let g(t) evolve under the
normalized Ricci flow, then there exist a time T0 > 0 such that hg(t)(ξ) is
strictly concave for all t > T0.
Proof. By Theorem 2.10, given any metric g0 on S
2 or RP2, we know there
exists a time T0 > 0 such that (S2, g(t)) or (RP2, g(t)) is strictly positively
curved everywhere for all t > T0, hence the result follows after Corollary
2.6.
Conjecture 2.21. Given a compact Riemannian surface (M, g). If h(ξ)
is strictly concave, then M is positively (or maybe non-negatively) curved
everywhere.
Conjecture 2.22. Given a compact Riemannian surface (M, g0) and let g(t)
evolve under the normalized Ricci flow using g0 as the initial metric, then
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hg(t)(ξ) converges uniformly to a continuous function h∞(ξ) as t → ∞ and
moreover we have
1. If h∞(ξ) is strictly concave, then χ(M) > 0.
2. If h∞(ξ) is concave but not strictly concave, then χ(M) = 0.
3. If h∞(ξ) is not concave, then χ(M) < 0.
2.3 A Little Improvement for the Andrews-
Bryan’s Comparison Theorem Under Nor-
malized Ricci Flow on S2
In the proof of following Andrews-Bryan’s comparison theorem in [AB10], the
authors didn’t provide a proof to their beginning claim. We provide a proof
to that beginning claim here. The rest proof of this comparison theorem is
more computational and is provided in the paper so we omit it here. In fact
we think that, in order to make the theorem fully corrected, we need to add
the following two mild conditions (which don’t hurt the later applications of



















for any sequence ξi → 0 or 1 (ξi 6= 0)
and ti → t0 > 0.
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Theorem 2.23 ([AB10], Theorem 3; modified version). Let ϕ : (0, 1) ×
[0,∞) → R be a smooth function which is strictly concave and positive for































for any sequence ξi → 0
or 1 (ξi 6= 0) and ti → t0 > 0.
Then for any smooth solution (S2, g(t)) of the normalized Ricci flow which
satisfies hg(0)(ξ) > ϕ(ξ, 0) for every ξ ∈ (0, 1), we have hg(t)(ξ) > ϕ(ξ, t) for
every (ξ, t) ∈ (0, 1)× [0,∞).
Beginning Claim: If the concluded inequality doesn’t hold for all time,
then
1. there exists a time t0 > 0 such that hg(t)(ξ) > ϕ(ξ, t) for all ξ ∈ (0, 1)
t ∈ [0, t0), and
2. hg(t0)(ξ) > ϕ(ξ, t0) for all ξ ∈ (0, 1), and
3. there exists ξ0 ∈ (0, 1) such that hg(t0)(ξ0) = ϕ(ξ0, t0).
Proof of the beginning claim.
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If the concluded inequality doesn’t hold for all t > 0, then
∃(ξ0, t0) ∈ (0, 1)× [0,∞) such that hg(t0)(ξ0) 6 ϕ(ξ0, t0).
Let’s consider the following quantity:
t̃ := inf {t > 0 : hg(t)(ξ0) 6 ϕ(ξ0, t) for some ξ0 ∈ (0, 1)}.
The set on the RHS is not empty, so t̃ > 0.
Case 1: t̃ > 0.
We choose t0 = t̃ and are going to show that this t0 satisfies the desired
three properties.
Firstly, by the definition of t̃, we have
hg(t)(ξ) > ϕ(ξ, t) for all ξ ∈ (0, 1) and t ∈ [0, t0), (2.10)
taking limsup
t→t−0
on which gives, by the joint continuity of h,
hg(t0)(ξ) > ϕ(ξ, t0) for all ξ ∈ (0, 1). (2.11)
So the first two properties are satisfied.
Next, by the definition of t̃, we know
∃sequence (ti, ξi) such that hg(ti)(ξi) 6 ϕ(ξi, ti), ti ↘ t0 and ξi ∈ (0, 1).
(2.12)
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Then there is a subsequence, still denoted by (ti, ξi), such that ξi → ξ0,
for some ξ0 ∈ [0, 1]. If ξ0 ∈ (0, 1), then (2.11) and (2.12) respectively imply,
by the joint continuity of h,
hg(t0)(ξ0) > ϕ(ξ0, t0) and hg(t0)(ξ0) 6 ϕ(ξ0, t0),
which gives hg(t0)(ξ0) = ϕ(ξ0, t0).
we are going to show that ξ0 = 0 or ξ0 = 1 is impossible, so that the third
property will also be satisfied.
Suppose for contradiction that ξ0 = 0 (argue similarly for the ξ0 = 1

































On the other hand, Theorem 2.12 (lower bound of asymptotic behavior of h)












= 1− C(T )ξi,
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This contradicts to (2.13).
Case 2: t̃ = 0.
We want to show this case cannot happen, so suppose t̃ = 0 for contra-
diction. By the definition of t̃, we have
∃sequence (ti, ξi) such that hg(ti)(ξi) 6 ϕ(ξi, ti), ti ↘ 0 and ξi ∈ (0, 1).
(2.14)
Then there is a subsequence, still denoted by (ti, ξi), such that ξi → ξ0, for
some ξ0 ∈ [0, 1].
If ξ0 ∈ (0, 1), then (2.14) implies hg(0)(ξ0) 6 ϕ(ξ0, 0), which contradicts
to the initial condition at t = 0.
If ξ0 = 0 (similarly for ξ0 = 1 case), then (ti, ξi) → (0, 0). Each ξi 6= 0


































On the other hand, Theorem 2.12 (lower bound of asymptotic behavior of h)












= 1− C(T )ξi,








This contradicts to (2.15). We are done. 
Appendix A
Boundary Components of an
Isoperimetric Region all have
the same Constant Mean
Curvature
Proposition A.1. All the components of regular boundary part of an isoperi-
metric region in a compact Riemannian manifold have the same constant
mean curvature.
Proof. Let Ω be an isoperimetric region for ξ ∈ (0, 1). Pick any two compo-
nent C1 and C2 in regular part of ∂Ω which have constant mean curvatures
κ1 and κ2 respectively. We want to show κ1 = κ2.
For two arbitrary smooth functions η1 and η2 on C1 and C2 respectively,
we consider the smooth family of domains Ωt by varying C1 and C2 at the
62
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same time as follows (leave other components, if any, fixed)
C1(t) = {expz(tη1(z)
→
n(z)) : z ∈ C1},
C2(t) = {expz(tη2(z)
→
n(z)) : z ∈ C2},
where −ε < t < ε for small enough ε > 0 and →n is the unit outer normal.
Note Ω = Ω0. Define a smooth function on regular part of ∂Ω by η := η1































By definition of Ω, it has least boundary area among all smooth regions
that have volume ξ|M |. In particular it has least boundary area among
those smooth regions Ωt satisfying
d
dt
|Ωt| = 0 with −ε < t < ε for some small











In particular, we could choose η1 = constant and η2 = constant, then the
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above two equations imply
η1|C1|+ η2|C2| = 0 and κ1η1|C1|+ κ2η2|C2| = 0,
which together give
(κ1 − κ2)η1|C1| = 0.
Hence κ1 = κ2, as desired.
Remark A.2. The first variation result (A.1) can be computed as follows.
Proof. Let (Mn, g) be a compact Riemannian manifold and Ω be an isoperi-
metric region in M . Denote the regular part of the boundary of Ω simply by
∂Ω. Then (∂Ω, g) is a (n-1)-dimensional orientable hypersurface in M with
induced metric g from g. Moving ∂Ω by the exponential map gives a family
of smooth regions Ωt such that ∂Ωt is given by
{expz(t
→
n(z)) : z ∈ ∂Ω} for − ε < t < ε,
where
→
n is the outward unit normal vector field on ∂Ω and ε > 0 is a small
enough number.
Claim 1. The induced vector field X (induced by expz(t
→
n(z))) in the strip
between ∂Ωε and ∂Ω−ε is unit normal to every hypersurface ∂Ωt for −ε <
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Figure A.1: Hypersurfaces under normal variation
t < ε, for some small enough ε > 0.








n is unit normal. Since exp map is radially
isometric we know g(X,X) ≡ 1 everywhere in the strip. Also by definition, X
is parallel on the trajectories generated by itself, that is∇XX = 0 everywhere
in the strip.
On the other hand, if we choose ε > 0 small enough, then the smooth
vector field X remains transversal to ∂Ωt for −ε < t < ε. So that [X, Y ] = 0
for any smooth vector field Y that is tangential to the hypersurface ∂Ωt
for −ε < t < ε, where [, ] denotes the lie bracket. [X, Y ] = 0 implies that
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∇XY = ∇YX.
Differentiating the equation g(X,X) ≡ 1 gives
0 = ∇Y g(X,X) = 2g(∇YX,X) = 2g(∇XY,X).
Hence in the strip
∇Xg(X, Y ) = g(∇XX, Y ) + g(X,∇XY ) = 0,
which implies the desired claim.
Next, let U be a coordinate neighborhood of a point p ∈ ∂Ω with coordi-
nates (x1, ..., xn−1). Then using t as the normal axis, we can have a local coor-
dinate neighborhood U×(−ε, ε) for the strip with coordinates (x1, ..., xn−1, t).
Denote Ut := U × {t} for t ∈ (−ε, ε). In U × (−ε, ε), the metric g has the
form
g(x, t) = gij(x, t)dx
idxj + dt2,
for some component functions gij(x, t) (and we know gij(x, 0) = gij(x) are
the coordinate components of the induced metric g in U) and 1 6 i, j 6 n−1.
For each fixed t ∈ (−ε, ε), the second fundamental form of ∂Ωt in Ut along
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is the induced connection in ∂Ωt (and ∇0 = ∇).
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〉g = 0, so that
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where H(x, t) := −trace[(hij(x, t))] = −(gij(x, t))(hij(x, t)) is the scalar










where H is the scalar mean curvature of ∂Ω in U . Then by a partition of









If ∂Ω is moved by η
→
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Lemma B.1 (Isoperimetric inequality on surfaces of constant curvature).
Let M be a 2-dimensional simply connected surface of constant Gauss cur-
vature K ∈ R and γ be a simple closed curve in M . Denote L:= length of γ,
A:= finite area enclosed by γ. Then
L2 > 4πA−KA2.
Lemma B.2. If two metrics g and ḡ in a coordinate chart (containing the
origin) satisfying gij(x)− ḡij(x) = O(|x|3), then g(x) = (1 +O(|x|3))ḡ(x).
Proof. Let Mij(x) = gij(x) − ḡij(x) and M(x) = g(x) − ḡ(x). Knowing
gij(x)− ḡij(x) = O(|x|3) implies that there exists a constant C0 and a small
70
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6 C0 for all 0 < |x| < δ.
Then, for any given small ε > 0, for all big enough constant C, we have
−ε 6 Mij(x)
C|x|3
6 ε for all 0 < |x| < δ,
so that M(x)
C|x|3 is a small matrix and g(x)±
M(x)
C|x|3 is a small perturbation of g(x).
In particular, we can choose big enough constants C1 and C2 such that, for
all 0 < |x| < δ,
g(x)− M(x)
C1|x|3





ḡ(x) + C1|x|3g(x) > ḡ(x) +M(x) = g(x) and C2|x|3g(x) + g(x) > ḡ(x),
which respectively further imply
(1− C1|x|3)g(x) < ḡ(x) and ḡ(x) < (1 + C2|x|3)g(x).
Thus, choosing C = max{C1, C2}, we get
(1− C|x|3)g(x) < ḡ(x) < (1 + C|x|3)g(x) for all 0 < |x| < δ
which says ḡ(x) = (1 +O(|x|3))g(x) and it is equivalent to our claim.
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We provide a more detailed and complete proof to the following Andrews-
Bryan’s theorem in [AB10], where they miss to discuss the case that isoperi-
metric regions are disconnected.
Theorem B.3 ([AB10], Theorem 2). Given a compact Riemannian surface
(M, g). The isoperimetric profile h satisfies
h(ξ) =
√





ξ3/2 +O(ξ2) as ξ → 0.
(Note that since h(ξ) = h(1− ξ) this controls h near both endpoints.)
Proof. Let’s prove the upper bound first. Small geodesic balls centered at any
point p are admissible regions in the definition of h. The result of [[Gray73],









By definition of h we have |∂Br(p)| > h(|Br(p)|/|M |), which leads to the

























































Now we have the expansion of r in terms of ξ as ξ → 0. Putting this expansion
into |∂Br(p)|, we get









4π|M |ξ(1 + K|M |
24π






























Since the inequality holds for all points p ∈M , we have
h(ξ) 6
√













ξ3/2 +O(ξ2), as ξ → 0,
which is the desired upper bound.
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Secondly, to prove the lower bound, first choose ξ sufficiently small to
ensure that h(ξ) is much smaller than the injectivity radius of M with respect
to the given metric g. Then we fix an isoperimetric region Ω for ξ. Next, we
distinguish two cases.
Case 1: Ω is connected.
Figure B.1: Case 1: Ω is connected
Fix a point p ∈ ∂Ω. Let ρ = |∂Ω| = h(ξ), then Ω ⊆ Bρ(p), where Bρ(p)
is the geodesic ball centered at p with radius ρ. Now let’s put the geodesic
normal coordinates (w.r.t. g) {xi} on Bρ(p) using p as the origin. In this
coordinates, we have
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Now consider the metric ḡ of constant curvature K(p) on Bρ(p) defined





(dr2 + sin2rdθ2) if K(p) > 0
(dx1)2 + (dx2)2 if K(p) = 0
1
−K(p)(dr
2 + sinh2rdθ2) if K(p) < 0
where r =
√
|K(p)|((x1)2 + (x2)2) and θ = arctan(x2
x1
). That is to say, use
the polar coordinates (r, θ) of (x1, x2) to define the metric ḡ of constant
curvature K(p) on Bρ(p).
Then, by computations, we find that (x1, x2) is actually also the geodesic
normal coordinates for ḡ, so in {xi},





Now, because g and ḡ have the same curvature at p, we have Rikjl(0) =
R̄ikjl(0) and hence
gij(x)− ḡij(x) = O(|x|3), (B.2)
which implies, by Lemma B.2, g(x) = (1 +O(|x|3))ḡ(x). And thus we have
|∂Ω|g = (1 +O(|∂Ω|3))|∂Ω|ḡ and |Ω|g = (1 +O(|∂Ω|3))|Ω|ḡ. (B.3)
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We use the Lemma B.1 and (B.3) to estimate h(ξ),












































So case 1 is done.
Case 2: Ω is disconnected.
By theorem 1.26, ∂Ω has at most finitely many components. So without
loss of generality, suppose Ω has two disjoint connected components, say W1
and W2. So that we have
h(ξ) = |∂Ω| = |∂W1|+ |∂W2| and ξ = ξ1 + ξ2, where ξi =
|Wi|
|M |
, i = 1, 2,
and
h(ξ) inj(M, g) =⇒ |∂W1|, |∂W2|  inj(M, g).
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Fix two points p1 ∈ ∂W1 and p2 ∈ ∂W2. Then the argument in the case 1




























































2 ) +O((ξ1 + ξ2)
2)
With the help of following two elementary inequalities







x+ y+β(x+y)3/2 for all small enough x, y > 0
where α, β > 0 are fixed constants, we can see that if supMK > 0 then the
first inequality tells us that
h(ξ) >
√






and when supMK < 0 the second inequality gives the same result (make the
ξ small enough if necessary). So case 2 is done.
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Therefore, we prove the desired lower bound for h(ξ).
Theorem B.4. Given a compact Riemannian surface (M, g). Theorem B.3
says that isoperimetric profile h satisfies
h(ξ) =
√





ξ3/2 +O(ξ2) as ξ → 0.
(1) If g(t) varies smoothly over [0, T ], 0 < T <∞, the coefficient C(t) in
the error term O(ξ2) is bounded over [0, T ] by a constant C(T ).
(2) If g(t) is evolved under the normalized Ricci flow using g0 = g(0) as
the initial metric, then C(t) is bounded over [0,+∞) by a uniform constant






















(2K2 − 3∆K)r4 +O(r6)).
If we put these into (B.1) and follow the computations for the upper bound
of h(ξ), we can get
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|∂Br(p)| =
√














as the coefficient of error term O(ξ2) in the upper bound.
In the computations for the lower bound of h(ξ), we actually have, in a
geodesic normal coordinates,







so that the coefficient of error term in (B.2) can be chosen as C = 6( sup
(M,g(t))
|∇K|).
Moreover, if we trace the coefficients of error terms in (B.4), then we can
choose
C2(t) = 24π( sup
(M,g(t))
|∇K|)|M |1/2g(t)
as the coefficient of error term O(ξ2) in the lower bound.
Therefore we can use C(t) = max {C1(t), C2(t)} as the coefficient in the
error term O(ξ2) for hg(t)(ξ).
Under smooth variation of metrics g(t) over compact time interval [0, T ],






|∆K| all change continuously
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and hence all are bounded, so that C(t) is also bounded.
If g(t) is evolved under normalized Ricci flow, we know the flow exists for
all time. And along the flow, |M | is unchanged, supMK is non-increasing,
supM |∇K| and supM∆K are both non-increasing. Thus C0 = C(0) > C(t)




Theorem C.1 ([MJ00], Theorem 2.2). Given a compact Riemannian surface
(M, g). Let Ω be an isoperimetric region for ξ. For all small enough ξ > 0,
Ω is nearly a geodesic ball.
Remark C.2. By “nearly a geodesic ball”, we mean that if we rescale Ω to
unit area then it is smoothly close to the Euclidean ball of unit area.
Proposition C.3. Given a compact Riemannian surface (M, g). We have
lim
ξ→0+
(h(ξ)h′(ξ)) = 2π|M | and lim
ξ→1−
(h(ξ)h′(ξ)) = −2π|M |.
Proof. Let Ω be an isoperimetric region for ξ. Applying Gauss-Bonnet The-
81
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Letting ξ → 0+ gives the first limit. The second limit comes from the first
one together with the symmetry h(ξ) = h(1− ξ).
Lemma C.4. Suppose f : [a, b] → R. There is a constant C such that
|f(x)−f(y)| 6 C|x− y| for all x, y ∈ [a, b] (that is, f is Lipschitz continuous)
if and only if f is absolutely continuous and |f ′(x)| 6 C a.e.
Proof. “⇒”: Lipschitz continuity implies absolute continuity easily by def-
inition. Fundamental Theorem of Calculus For Lebesgue Integrals implies
that f ′(x) exists for a.e. x. Then, for those a.e. x,










“⇐”: Fundamental Theorem of Calculus For Lebesgue Integrals implies
that f ′(x) exists for a.e. x, f ′ ∈ L1[a, b] and f(x)− f(y) =
∫ x
y
f ′(t)dt for any
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x, y ∈ [a, b]. So
|f(x)− f(y)| = |
x∫
y
f ′(t)dt| 6 C|x− y|,
as desired.
Theorem C.5. Given a compact Riemannian surface (M, g0). Let g(t) be
the family of Riemannian metric that is evolved under the normalized Ricci
Flow using g0 as the initial metric. ∀T ∈ [0,+∞] ∀[ξ0, ξ1] ⊆ (0, 1), where ξ0
and ξ1 are independent of time, the Lipschitz constant Lip(t) of hg(t)(ξ) on
[ξ0, ξ1] is bounded over the time-interval [0, T ].
Proof. Claim 1: If K0 = min{ inf
(M,g0)
K, 0}, then K(p, t) > K0 for all points
p ∈M and all t ∈ [0,∞].
Proof of Claim 1. Under the normalized Ricci flow, we have ∂K
∂t
= ∆K +
2K(K − K̄), which implies that ∂
∂t
Kmin > 2Kmin(Kmin − K̄). If K̄ 6 0,
then inf
(M,g0)
K 6 K̄ 6 0 and it is easy to see that ∂
∂t













> 0. So whenever Kmin 6 0,
we have ∂
∂t
Kmin > 0. When Kmin later becomes strict positive, then we know
Kmin will always be strict positive. So it is fine.







> 0, and we know Kmin will always be strict positive.
Thus claim 1 follows.
Claim 2: Qt(ξ) = h
2
g(t)(ξ) + K0(ξ|M |g(t))2 is concave in ξ, for each fixed
t ∈ [0, T ], where K0 comes from the claim 1.
Proof of Claim 2. Follows easily from Corollary 2.6 and claim 1.
Claim 3: If hg(t)(ξ) is differentiable in ξ, then |h′g(t)(ξ)| 6 2α−1(π|M |g0 +
|K0||M |2g0) ∀t ∈ [0, T ] ∀ξ ∈ [ξ0, ξ1], where α = inf {hg(t)(ξ) : t ∈ [0, T ], ξ ∈
[ξ0, ξ1]}.
Proof of Claim 3. First, Theorem 2.7 implies that α > 0. Secondly, claim




t(ξ0), for any ξ ∈ [ξ0, ξ1] (where Q′t(ξ1) and







(Q′t(η)) ∀ξ ∈ (0, 1),





But Q′t(ξ) = 2hg(t)(ξ)h
′
g(t)(ξ) + 2K0ξ|M |2g(t) and thus Proposition C.3 implies








(Q′t(η))| = 4π|M |g(t).
So that





|Q′t(ξ)− 2K0ξ|M |2g(t)| 6 (2α)−1(|Q′t(ξ)|+ 2|K0|ξ|M |2g(t))
6 2α−1(π|M |g(t) + |K0||M |2g(t)) = 2α−1(π|M |g0 + |K0||M |2g0)
,
as claimed.
Claim 4: The Lipschitz constant Lip(t) of hg(t)(ξ) on [ξ0, ξ1] is bounded over
[0, T ].
Proof of Claim 4. For each fixed t ∈ [0, T ], hg(t)(ξ), simply denoted by
h(ξ), is Lipschitz continuous and thus absolutely continuous and differen-
tiable a.e. on [ξ0, ξ1]. Claim 3 tells us that there exists a uniform constant
C, independent of ξ and t, such that |h′(ξ)| 6 C for a.e. ξ. Now, Lemma
C.4 implies that the Lipschitz constant of h is less than or equal to C. Since
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this constant C works for arbitrary t ∈ [0, T ], we are done.
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[Gal88] Sylvestre Gallot. Inégalités isopérimétriques et analytiques sur les
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